We show that Stieltjes moment sequences are infinitely log-convex, which parallels a famous result that (finite) Pólya frequency sequences are infinitely log-concave. We introduce the concept of q-Stieltjes moment sequences of polynomials and show that many well-known polynomials in combinatorics are such sequences. We provide a criterion for linear transformations and convolutions preserving Stieltjes moment sequences. Many well-known combinatorial sequences are shown to be Stieltjes moment sequences in a unified approach and therefore infinitely log-convex, which in particular settles a conjecture of Chen and Xia about the infinite log-convexity of the Schröder numbers. We also list some interesting problems and conjectures about the log-convexity and the Stieltjes moment property of the (generalized) Apéry numbers.
Introduction
Let α = (a k ) k≥0 be a sequence of nonnegative numbers. The sequence is called log-convex (log-concave, resp.) if a k a k+2 ≥ a 2 k+1 (a k a k+2 ≤ a 2 k+1 , resp.) for all k ≥ 0. The log-convex and log-concave sequences arise often in combinatorics and have been extensively investigated. We refer the reader to [7, 23, 25] for the log-concavity and [17, 27] for the log-convexity. A basic approach to such problems comes from the theory of total positivity [6] [7] [8] [9] [10] [11] .
Let A = [a n,k ] n,k≥0 be a finite or infinite matrix of real numbers. It is called totally positive (TP for short) if all its minors are nonnegative. It is called TP 2 if all minors of order ≤ 2 are nonnegative. Given a sequence α = (a k ) k≥0 , define its Toeplitz matrix T (α) and Hankel matrix H(α) by 
Clearly, a sequence of positive numbers is log-concave (log-convex, resp.) if and only if the corresponding Toeplitz matrix (Hankel matrix, resp.) is TP 2 . We say that α is a Pólya frequency sequence (PF for short) if its Toeplitz matrix T (α) is TP. Such sequences have been deeply studied in the theory of total positivity [15] and in combinatorics [6] . For example, the fundamental representation theorem of Schoenberg and Edrei states that a sequence a 0 = 1, a 1 , a 2 , . . . of real numbers is PF if and only if its generating function has the form
in some open disk centered at the origin, where α j , β j , γ ≥ 0 and j≥1 (α j + β j ) < +∞ (see [15, p. 412] for instance). In particular, a finite sequence of nonnegative numbers is PF if and only if its generating function has only real zeros [15, p. 399] . We say that α = (a k ) k≥0 is a Stieltjes moment (SM for short) sequence if its Hankel matrix H(α) is TP. It is well known that α is a Stieltjes moment sequence if and only if it has the form
where µ is a non-negative measure on [0, +∞) (see [19, Theorem 4.4] for instance). Stieltjes moment problem is one of classical moment problems and arises naturally in many branches of mathematics [21, 26] . It is well known that many counting coefficients form Stieltjes moment sequences, including the Bell numbers, the Catalan numbers, the central binomial coefficients, the central Delannoy numbers, the factorial numbers, the Schröder numbers. See [16] for details. Boros and Moll [4, p. 157] introduced the concept of the infinite logconcavity. Given a sequence α = (a k ) k≥0 of nonnegative numbers, define a new sequence
Then the sequence α is log-concave if and only if the sequence L(α) is nonnegative, i.e., all
The following result was conjectured independently by Fisk, Stanley, McNamara and Sagan [18] and shown by Brändrén [5] . Theorem 1.1. The operator L preserves the PF property of finite sequences. A finite Pólya frequency sequence is therefore infinitely log-concave.
Very recently, Chen and Xia [12] introduced the notion of the infinite log-convexity. Let α = (a k ) k≥0 be an infinite sequence of positive numbers. Define a new sequence
is nonnegative for all i ≥ 1. Chen and Xia [12] showed that some combinatorial sequences, including the Apéry numbers and the Schröder numbers, are 2-log-convex via analytic methods. Based on numerical evidence they further suggested the infinite log-convexity of these sequences. However, no nontrivial infinitely log-convex sequences is presented.
In the next section we show that Stieltjes moment sequences are infinitely log-convex, a parallel result to Theorem 1.1. So many famous counting coefficients turn to be infinitely log-convex. For example, the sequence of the large Schröder numbers is a Stieltjes moment sequence, and is therefore infinitely log-convex. In §3, we introduce the concept of q-Stieltjes moment sequences of polynomials and show that many well-known polynomials in combinatorics are such sequences, including the Bell polynomials, the Eulerian polynomials, the Narayana polynomials (of type B), the q-central Delannoy numbers and the q-Schröder numbers. In §4, we provide a criterion for the linear transformations and convolutions preserving Stieltjes moment sequences. The SM properties of many well-known combinatorial sequences are easily followed from this viewpoint. Finally in §5, we list some interesting problems and conjectures about the log-convexity and the SM property of the (generalized) Apéry numbers.
Infinitely log-convex sequences
In this section we show that Stieltjes moment sequences are infinitely logconvex. We need the following classical characterization of Stieltjes moment sequences.
Given a sequence α = (a k ) k≥0 , let α = (a k+1 ) k≥0 denote the shifted sequence of α. 
Thus the sequence α is strictly log-convex:
In other words, L (α) is positive.
If the Hankel matrix of a sequence is positive definite, then we say that the sequence is a positive definite sequence, or a Hamburger moment sequence. Such a sequence has the form
where µ is a positive Borel measure on (−∞, +∞) (see [21] for instance). By Lemma 2.1, a sequence α is a Stieltjes moment sequence if and only if both α and α are positive definite sequences.
The operator L preserves the SM property. A Stieltjes moment sequence is therefore infinitely log-convex.
matrix, whose elements are all minors of order 2 of A, arranged lexicographically according to the row and column indices of the minors. The compound operation has the following properties:
(ii) C(AB) = C(A)C(B); and
See [15, p. 1] or [14, p. 21] for details. Clearly, if A is a positive definite matrix, then so is C(A). Indeed, if the matrix A = P T P is congruent to the identity matrix, then so is its compound matrix C(A) = C T (P )C(P ). We first show that the operator L preserves the positive definiteness of sequences. Let α = (a k ) k≥0 be a positive definite sequence. Then all H n (α) = [a i+j ] 0≤i,j≤n are positive definite by the definition. Thus the compound matrix C(H n (α)) is also positive definite. We need to prove that all H n (L (α)) are positive definite. The key observation behind our proof is that H n−1 (L (α)) is a principal submatrix of C(H n (α)) by symmetry. For example, consider the case n = 3. Then 
respectively. Thus the positive definiteness of C(H n (α)) implies that of H n−1 (L (α)). In other words, the positive definiteness of α implies that of L (α), as desired. Now let α be a Stieltjes moment sequence. Then α and α are positive definite sequences by Lemma 2.1, so are L (α) and L (α). Note that L (α) = L (α). Hence L (α) is also a Stieltjes moment sequence again by Lemma 2.1. On the other hand, L (α) > 0 by Corollary 2.2, the sequence α is therefore infinitely log-convex. This completes the proof of the theorem.
Stieltjes moment sequences are much better behaved than infinitely logconvex sequences and there are various approaches to show that a sequence is a Stieltjes moment sequence. For example, Liang et al. [16] showed that many Catalan-like numbers form Stieltjes moment sequences via the total positivity of the corresponding Aigner's recursive matrices [1] , including the Bell numbers, the Catalan numbers, the central binomial coefficients, the central Delannoy numbers, the factorial numbers and the large Schröder numbers (see also Corollary 3.6). These Catalan-like numbers are therefore infinitely log-convex, which, in particular, settles a conjecture of Chen and Xia about the infinite log-convexity of the Schröder numbers [12, Conjecture 5.4].
Stieltjes moment sequences of polynomials
Let f (q) and g(q) be two real polynomials in q. We sat that f (q) is q-nonnegative if f (q) has nonnegative coefficients. Denote f (q) ≥ q g(q) if f (q) − g(q) is q-nonnegative. Let A(q) = [a n,k (q)] n,k≥0 be a matrix whose entries are all real polynomials in q. We say that A(q) is q-TP if all minors are q-nononegative. Let α(q) = (a n (q)) n≥0 be a sequence of real polynomials in q. We say that the sequence is strongly q-log-convex (q-SLCX for short) if a n+1 (q)a m−1 (q) ≥ q a n (q)a m (q) for n ≥ m ≥ 0. If the Hankel matrix H(α(q)) = [a i+j (q)] i,j≥0 is q-TP, then we say that α(q) is a q-Stieltjes moment (q-SM for short) sequence. If α(q) is a Stieltjes moment sequence for any fixed q ≥ 0, then we say that α(q) is a pointwise Stieltjes moment (PSM for short) sequence of polynomials. Clearly, a q-SM sequence is both q-SLCX and PSM.
The simplest non-trivial q-SM sequence in combinatorics should be ((q + 1) n ) n≥0 . Zhu [27] showed tha the Bell polynomials, the Eulerian polynomials, the Narayana polynomials (of type B), the q-central Delannoy numbers, the qSchröder numbers are q-SLCX. In this section we show that these polynomials actually form q-SM sequences.
Let σ = (s k (q)) k≥0 and τ = (t k+1 (q)) k≥0 be two sequences of polynomials. Define an infinite lower triangular matrix R(q) := R σ,τ (q) = [r n,k (q)] n,k≥0 by the recurrence
where r n,k (q) = 0 unless n ≥ k ≥ 0. Similar to Aigner [2] , we say that R(q) is the q-recursive matrix and r n,0 (q) are the q-Catalan-like numbers corresponding to (σ, τ ). Call the tridiagonal matrix (Jacobi matrix)
the coefficient matrix of the recurrence (2).
Example 3.1. Many well-known polynomials are the q-Catalan-like numbers.
(i) The Bell polynomials B n (q) = n k=0 S(n, k)q k when s k = k + q and t k = kq;
(ii) The Eulerian polynomials A n (q) = The following criterion for the total positivity of a tridiagonal matrix will be very useful. 
Proof. We have the decomposition
Clearly, bidiagonal matrices whose entries are q-nonnegative are q-TP, and the product of q-TP matrices is still q-TP. So the statement follows. (v) For the Narayana polynomials, b k = 1 and c k = q for k ≥ 1.
(vi) For the Narayana polynomials of type B, the corresponding coefficient matrix is
We show that J(q) is q-TP by showing that all minors of J(P ) are qnonnegative. Clearly, it suffices to consider the following minors of two kinds:
By an inductive argument, we obtain d 
n (q) = q n + 1. It is clear that both of them are q-nonnegative, as required. Thus J(q) is q-TP.
Remark 3.5. Given a sequence of polynomials, sometimes we may construct a q-recursive matrix such that these polynomials are precisely the q-Catalanlike numbers of this matrix. As an example, consider the Morgan-Voyce polynomials M n (q) = n k=0 n+k n−k q k . Define a q-recursive matrix M(q) by setting s 0 = q + 1, s k = 1, t 1 = q, t k+1 = 0 for k ≥ 1. Then it is not difficult to verify that M n (q) is precisely the corresponding q-Catalan-like numbers. By Lemma 3.3, the coefficient matrix of M(q) can be decomposed into the product of two bidiagonal matrices with b k = 1, c 1 = q and c k+1 = 0 for k ≥ 1, and is therefore q-TP. Thus M n (q) form a q-SM sequence. 
Linear transformations and convolutions
In this section we present some sufficient conditions for linear transformations and convolutions that preserve Stieltjes moment sequences. Similar studies have been carried out for Pólya frequency sequences [6] , log-concave sequences [25] , log-convex sequences [13, 17] , as well as Stieltjes moment sequences [3] .
Let A = [a n,k ] n,k≥0 be an infinite nonnegative lower triangular matrix. Define the A-linear transformation
and the A-convolution
We say that (3) preserves the SM property: if (x n ) n≥0 is a Stieltjes moment sequence, then so is (z n ) n≥0 . Similarly, we say that (4) preserves the SM property: if both (x n ) n≥0 and (y n ) n≥0 are Stieltjes moment sequences, then so is (z n ) n≥0 . The following is a classic characterization of Stieltjes moment sequences (see, e.g., [21, Theorem 1.3] or [26, p. 132-135] ). Our main result in this section is the following.
Theorem 4.2. Let A n (q) = n k=0 a n,k q k be the nth row generating function of the triangle A. Assume that (A n (q)) n≥0 is a Stieltjes moment sequence for any fixed q ≥ 0. Then both the A-linear transformation (3) and the A-convolution (4) preserve the SM property.
Proof. It is known [3, Theorem 6 ] that if the A-linear transformation preserves the SM property, then the same goes for the A-convolution. So it suffices to show that the A-linear transformation preserves the SM property.
Let the polynomial A general problem to ask is whether A n (r, s; 1) form an infinitely log-convex sequence or even a Stieltjes moment sequence. We have known that the qcentral Delannoy numbers D n (q) = A n (1, 1; q) are q-SM. Sun [24] conjectured that A n (2, 1; q) are q-log-convex. In which case, A n (r, s; q) are PSM, q-SLCX, or even q-SM?
